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A bound on oscillations in an unsteady undular bore
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Using a model equation for the evolution of long waves at the surface of an
incompressible fluid, the number of rapid oscillations of an undular bore is
estimated. This estimate relies on the analysis of the Burgers–Korteweg–
deVries equation in spaces of analytic functions. Special attention is paid to
the effect of viscosity.
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1. Introduction

The tidal bore is a well-known phenomenon in fluid mechanics, having been
observed in many rivers around the world. Two of the better known rivers where
bores regularly appear are the Severn River in England [1] and the Qiantang River in
China [2]. The usual circumstances in which a bore can appear develop when a tidal
swell causes a difference in surface elevation in the mouth of a river or further
upstream. In this case, long waves start to propagate upstream, and if the conditions
are favourable, the main front steepens, and a nearly steady transition profile
develops. Through field measurements and experiments [3], [4] and [5], it has been
found that bores appear in two types. If the ratio of the difference in surface
elevation between the two uniform states to the undisturbed depth is greater than
approximately 0.75, a so-called turbulent bore may be seen. If this ratio is smaller
than 0.28, then the bore tends to exhibit undular character, in other words, the bore
will feature oscillations in the downstream part. If the ratio is between 0.28 and 0.75,
the bore will be turbulent, but also feature some oscillations.

Quite commonly, the bore is studied in the context of shallow-water theory.
In this case, an analysis using conservation of mass and momentum shows that
energy must be lost at the front of the bore. In the case of an undular bore, the
energy is thought to be disseminated through an increasing number of oscillations
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behind the bore, while in the turbulent bore, the energy appears to dissipate through

turbulent motion at the front of the bore. A turbulent bore featuring some

undulations experiences both types of energy loss.
In the case of a purely undular bore, the transition from low to high surface

elevation is rather gentle, so that a long-wave approximation is justified. Moreover,

as the difference in amplitude is small, the assumption of small amplitude may also

be used, so that an equation like the Korteweg–deVries (KdV) equation can be used.

In dimensional variables, this equation takes the form

�t þ c0�x þ
3

2

c0
h0
��x þ

1

6
c0h

2
0�xxx ¼ 0, ð1:1Þ

where � is the deflection of the free surface, h0 is the undisturbed depth of the river,

c0 ¼
ffiffiffiffiffiffiffi
gh0

p
is the limiting long-wave speed and g is the gravitational acceleration.

To recall the rationale behind using this equation, we first note that the flow

is assumed in a channel or a river whose breadth is hardly varying. Thus it is

reasonable to neglect transverse effects. It is also assumed that the river bed is

essentially flat. Now if the surface is slowly varying, i.e. if waves are long compared

to the depth of the water, and if the change in wave amplitude is also subtle, then the

KdV equation is thought to be a reasonable model on short to intermediate time

scales for waves that propagate mainly in the direction of increasing values of x.
There have been a number of studies aimed at understanding whether the use of

the KdV equation in the description of an undular bore can account for the loss of

energy exhibited in the shallow-water theory. Assuming a wavetrain of cnoidal waves

behind the bore, Benjamin and Lighthill [6] found that the loss of energy in the front,

and the energy contained in the dispersive tail do not agree, thus concluding that

dissipation is required even in a purely undular bore. Using experimental results of

Favre [3], Sturtevant [7] also found that when the undulations are assumed to have

cnoidal shape, there is some excess energy which he attributed to the existence of a

boundary layer behind the bore. According to his computations, up to 20% of the

excess energy is dissipated by the boundary layer. In light of these findings, it seems

expedient to include some form of dissipation directly into the model equation.

Perhaps the most obvious way to include viscosity into the description is to consider

the so-called KdV–Burgers equation

ut þ uux þ uxxx ¼ �uxx: ð1:2Þ

This equation appears in non-dimensional form, and in a frame of reference moving

with the linear long-wave speed c0. The variable u(x, t) now denotes the

non-dimensional deflection of the free surface, and the parameter � represents

viscous effects. A formal derivation of (1.2) can be found for instance in [8]. It is

evident that the coefficients multiplying the non-linear and dispersive terms in (1.1)

have been scaled out, and appear in front of the dissipation term in (1.2). Thus the

parameter � is not the viscosity per se, but is inversely proportional to the Reynolds

number. A dissipative Boussinesq system of similar character as (1.2) has also

appeared recently in [9,10]. A more sophisticated approach is to include viscous

effects only where they are strongest, namely in the boundary layer, thus paying heed

to the findings of Sturtevant [7]. Such an analysis leads to a different model equation

which features a non-local dissipative term, and a derivation of such an equation can
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be found in the book by Johnson [11]. Still other types of equations are found if one
uses a Chezy law for bottom friction. This has been done for instance in the recent
work of El et al. [12]. They have also made progress using asymptotic methods
applied to a dissipative Boussinesq-type system to study the time development of an
undular bore [10].

Beginning already with the work of Peregrine [13], recent studies of undular bores
have focussed on the time-dependent problem, and in particular on the initial onset
of the undular bore and the nature of the developing oscillations. Since the energy
at the bore is mainly lost to oscillations, a complete understanding of the physical
principles underlying bore-type phenomena and connections with properties of
mathematical models such as the ones just mentioned must certainly be based on an
understanding of these initial oscillations. On the basis of an analysis using the
non-dissipative equation (1.1), Sturtevant expects that new undulations will be
generated continuously, and a long time after the bore has been generated, there will
be an infinite train of oscillations. On the other hand, Peregrine [13] states that he
believes the profile to approach a near-steady state, an outcome that appears to be
closer to what is observed in actual river bores. For Equation (1.2), it has been
proven by Bona et al. [14,15] that stationary profiles of the KdV–Burgers equation
exist, and that they are stable if the Reynolds number is not too big. Thus at least for
the case of the simple mathematical model (1.2), a steady profile is possible. If
however the initial wave form is far from the steady profile, then it is not clear how
the undulations will develop. Given the presence of the dissipative term �uxx, one
might expect that any strong oscillations will be damped immediately. However,
according to the results of [12,14,15], if the parameter � is small enough, the solution
might still have a growing number of oscillations.

In the present article, we are using a method based on rigorous estimates of the
solutions of the KdV–Burgers equation in spaces of analytic functions. Using these
estimates, we make a first attempt at giving an upper bound on the number of
undulations that emerge from an arbitrary initial wave profile. What we are able to
show is that given a length scale L, the number of rapid oscillations of u on an
interval of length L is proportional to L, thus also giving a lower bound on
the average wavelength of these oscillations. This result follows essentially from the
analyticity of solutions of (1.2) in the space variable. This analyticity imposes on the
solution a certain rigidity which can be exploited to estimate the number of critical
points of the function. This in turn leads to an upper bound on the number of
oscillations of the surface. The article is organized as follows. In the next section, the
initial-value problem is stated, and some notation established. In Section 3, estimates
on the solution are obtained. Finally, in Section 4, a bound on the number of rapid
oscillations is found.

2. Setting of the problem

We study Equation (1.2) with initial data given by u(x, 0)¼ u0(x). It is assumed that
the disturbance is localized enough so that boundary effects can be ignored.
The equation will therefore be posed on an infinite interval, and it will be required
that the solution approaches two different surface elevations upstream and
downstream of the bore, namely limx!�1 u(x, t)¼ �1 for all t, and
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limx!1 u(x, t)¼ �2 for all t. The geometry of the problem is schematized in Figure 1.

To aid in the analysis of the initial-value problem, it is convenient to use an analytic

function h(x), with the same boundary values as u, and to investigate the equation

satisfied by v¼ u� h. The function h(x) will be chosen in such a way that it can be

continued to an analytic function f(z) in some strip {z¼ xþ iy : jyj5�} around the

real axis. To make the computations as explicit as possible we take the special form

hðxÞ ¼ �2 þ
�1 � �2

2
1� tanh

x

�

� �h i
: ð2:1Þ

This function is analytic in the strip {z¼ xþ iy : jyj5�/2�}, and we have

supx jhðxÞj ¼
�1��2
2� . The equation for v is

vt þ vvx þ vxxx ¼ �vxx � ðvhÞx þ F, ð2:2Þ

where F¼ �hxx� hxxx� hhx. For (2.2), we consider the initial-value problem, with

initial data

vðx, 0Þ ¼ u0ðxÞ � hðxÞ: ð2:3Þ

The well-posedness of the initial-value problem (2.2), (2.3) has been studied in great

detail in [15]. There, it has been shown that under reasonable assumptions on the

initial data, a unique solutions exists. In particular, for smooth initial data v(x, 0)

which are square integrable on the real line, a solution exists for all time. Here, we

focus on analyticity properties of these solutions. Extensive use will be made of the

L2-norm, defined by

k f k2 ¼

Z 1
�1

j f ðxÞj2dx:

This norm can also be expressed via the inner product by k f k2¼ (f, f ), where

ð f, gÞ ¼
R1
�1

f ðxÞ gðxÞdx: Here it should be noted that all functions appearing are real

when restricted to the real axis. The Fourier transform of a function f is defined by

f̂ð�Þ ¼
1ffiffiffiffiffiffi
2�
p

Z 1
�1

f ðxÞe�ix� dx,

whenever the integral converges. The inverse Fourier transform is defined by

f ðxÞ ¼
1ffiffiffiffiffiffi
2�
p

Z 1
�1

f̂ð�Þeix� dx:

x

ρ1

ρ2

Figure 1. Schematic of geometry of initial-value problem. The solid curve shows the function
h(x). The dashed curve represents a possible surface profile, and the grey shaded area
represents the river bed.
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Of course, for functions f2L2(R), a limiting procedure has to be used to define f̂.
With the help of the Fourier transform, we may define two operators A and e�A that
will be of crucial importance in the following development. For �40, let

fA f gbð�Þ ¼ j�jf̂ð�Þ,
and

fe�Af gbð�Þ ¼ e�j�j f̂ð�Þ:

The quantity ke�Af k can be used as a norm, and it is straightforward to check that a
function for which ke�Af k is finite is the restriction to the real axis of a function
analytic on a symmetric strip of width 2�. The strip {z¼ xþ iy : jyj5�} will be
denoted by S�, and the upper and lower boundaries of S� will be denoted by �� and
���, respectively. The following result gives a quantitative relation between ke�Af k
and a path-integral over �� and ���.

PROPOSITION 1 Let f2L2(R) be a function for which ke�Af k is finite. Then f can be
continued analytically to the strip S�. Moreover, the following inequalities hold.

ke�Af k2�

Z
��

j f j2dxþ

Z
���

j f j2dx� 2ke�Af k2:

Proof This is essentially the Paley–Wiener theorem. The proof of the first part, i.e.
that f can be continued analytically to S� can be found in [16, p. 174]. To obtain
the estimate, one makes use of the identity f f ðx� iaÞgbð�Þ ¼ ea� f̂ð�Þ, which holds
pointwise so long as jaj5�, and still holds in the L2 sense for jaj ¼ �. The estimate
then follows by taking the limit as a!��, and using Plancherel’s formula and the
dominated convergence theorem. g

According to Proposition 1, the sum of the two integral expressions in the centre
of the above inequality may be used as an equivalent norm, denoted by

k f k2� ¼

Z
��

j f j2dxþ

Z
���

j f j2dx:

The number � is called radius of analyticity.

3. Estimates on the solution

The main thrust in this section will be in the direction of obtaining analyticity in the
spatial variable. The first step is an a priori estimate for square-integrable solutions.
Namely, it will be shown that the L2-norm of a solution can be controlled for all
time.

PROPOSITION 2 Suppose v is a smooth solution of (2.2) and (2.3) on R� (0,T ].
Suppose the function h(x) is chosen as in (2.1). Then the L2-norm of v can be estimated
according to

kvð�, tÞk2 � 	ðtÞ, ð3:1Þ

where

	ðtÞ ¼ eð
�1��2

2� þ1Þtkvð�, 0Þk2 þ teð
�1��2

2� þ1ÞtkFk2: ð3:2Þ
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Proof Multiply (1.2) by v, and integrate in x to obtain

1

2

d

dt

Z 1
�1

v2dx ¼ �

Z 1
�1

vvxx dxþ

Z 1
�1

hvvxdxþ

Z 1
�1

vF dx:

Note that the non-linear term and the term containing the third derivative integrate

out. Two integrations by parts yield

1

2

d

dt

Z 1
�1

v2dxþ �

Z 1
�1

v2x dx ¼ �
1

2

Z 1
�1

v2hxdxþ

Z 1
�1

v Fdx

�
1

2
sup
x
jhxjkvk

2 þ kvkkFk:

Noticing that the second term on the left is non-negative, and using the inequality

ab � 1
2 a

2 þ 1
2 b

2, there appears

d

dt
kvð�, tÞk2 � sup

x
jhxðxÞjkvk

2 þ kvk2 þ kFk2:

Finally, using Gronwall’s lemma, it follows that

kvð�, tÞk2 � eðsupxjhxjþ1Þtkvð�, 0Þk2 þ teðsupxjhxjþ1ÞtkFk2:

Noting that supxjhxj ¼ (�1� �2)/2� finishes the proof. g

Proposition 2 establishes a bound on the L2-norm of a smooth solution. The next

order of business is to establish analyticity of a solution v(x, t) as a function of x.

Indeed, it will be shown that any solution of (2.2) must be real-analytic, and can be

extended analytically to a strip S� about the real axis. Moreover, v(x, t) must satisfy a

certain bound as stated in the following theorem.

THEOREM 1 Let v be a solution of (2.2) and (2.3), and let T40 be fixed. Let 	(T ) be

defined as in (3.2), let 
42, and define �T by

�T ¼ min
�

4�
,
1

2

�3

�2ð1þH2Þ þ 2
2	2ðT Þ þ �3ð1þ CÞ

� �
, ð3:3Þ

where H¼ supz2S�/4�jh(z)j, and C ¼
��e �4�Aðhhx þ �hxx þ hxxxÞ

��2: Then there exists a

t040, such that for any t with t0� t�T, v(�, t) is analytic in S�T, and satisfies the bound

ke�TAvð�, tÞk2 � 
	ðT Þ: ð3:4Þ

Before the proof can be given, a couple of lemmas are needed.

LEMMA 1 Let f be a real-analytic function, such that ke�Af k and ke�AAf k are finite.

Then the following inequality holds.

e�Að ffxÞ, e
�A f

� 	
� sup

x2R
je�A f ðxÞjke�A f kkAe�Af k:

LEMMA 2 Let f be a real-analytic function, such that ke�Af k and ke�AAf k are finite.

Let h be defined as in (2.1). Then the following inequality holds for �5�/2�.

�
e�Aðhf Þx, e

�A f
	
� 2 sup

z2��[���

jhðzÞj

 �

ke�A f kkAe�Af k:
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The proof of these estimates is standard, and can be found for instance in [17,18].
For the first lemma, use Parseval’s formula to rewrite the inner product in terms of
Fourier transforms. Then use the triangle inequality on the exponential factors.
For the second lemma, use Cauchy–Schwarz, and then Proposition 1 and the
equivalent norm k�k�.

Proof of Theorem 1 The proof will be obtained by providing an a priori bound on
the quantity je�TAv(�, t)j. To this end, a standard Galerkin procedure is employed.
Notice that the space of functions for which the norm ke

�
4�Af k is finite is a separable

Hilbert space, and therefore has a countable orthogonal basis. Moreover, this space
is also dense in any larger space of functions for which the norm ke�Af k with �5�/4
is finite. The solution v is now approximated by a sequence of smooth functions
which are analytic as functions of x, and are also continuous as mappings
t� ke

�
4�Avð�, tÞk.

A priori estimates are then obtained on the approximating functions. Since this
procedure and the ensuing limiting process are standard, we will write the estimates
formally in terms of v with the understanding that they are actually obtained for each
member of the sequence vn. Since they hold for each member of the sequence, they
also hold for the limit v. The a priori estimates are obtained by means of a differential
inequality involving the operator e�(�)A where the radius of analyticity is allowed
to depend on �. The differential inequality is obtained in the following way.
After applying the operator e2�A to Equation (2.2), take the inner product of v and
every term in the equation. Using the relation

d

d�
ðe�Av, e�AvÞ ¼ 2ðAe�Av, e�AvÞ þ 2ðe�Av�, e

�AvÞ,

for the shifted function v(x, t� t0þ �), there appears the inequality

1

2

d

d�
ke�Avk2 � kAe�Avkke�Avk � �

�
e�AðvvxÞ, e

�Av
	
�
�
e�AðhvÞx, e

�Av
	

þ �
�
e�Avxx, e

�Av
	
þ
�
e�AF, e�Av

	
:

The term containing the third derivative is not present because the third derivative
is skew-adjoint. Using the estimates in Lemmas 2 and 3, the Cauchy–Schwarz
inequality and the basic inequality supx j f ðxÞj �

1
2 k f k

1
2kAf k

1
2, there appears

1

2

d

d�
ke�Avk2 þ �kAe�Avk2 � ke�AvkkAe�Avk þ ke�Avk

3
2kAe�Avk

3
2

þ sup
z2��[���

jhðzÞjke�AvkkAe�Avk þ ke�AFkke�Avk:

Observe that supz2��[��� jh(z)j is finite as long as �5�/2�. We will take �5�/4� to be
safely inside the domain of analyticity of h. Next, using Young’s inequality as before,
and in the form ab � 1

p a
p þ 1

q b
q, where 1

pþ
1
q ¼ 1 and q¼ 4 on the non-linear term,

there appears the inequality

1

2

d

d�
ke�Avk2 þ �kAe�Avk2 �

�

2
kAe�Avk2 þ

1

2�

�
1þH2

	
ke�Avk2

þ
�

2
kAe�Avk2 þ

27

32

1

�3
ke�Avk6

þ
1

2
ke�AFk2 þ

1

2
ke�Avk2,

Applicable Analysis 1707



where H¼ supz2S�/4�jh(z)j. Finally, we obtain the differential inequality

d

d�
ketAvk2 � c1ke

�Avk2 þ c2ke
�Avk6 þ C, ð3:5Þ

where the constants c1 and c2 are given by

c1 ¼
1

�
ð1þH2Þ þ 1 and c2 ¼

2

�3
:

Recall that C was defined by

C ¼
��e �4�A F

��2 ¼ ��e �4�Aðhhx þ �hxx þ hxxxÞ
��2,

and inequality (3.5) is valid as long as �5�/4�. To determine the radius of analyticity
at some t, first define

t0 ¼ min
�

4�
,

ð
� 1Þ	ðT Þ

c1
	ðT Þ þ c2
3	3ðT Þ þ C

� �
: ð3:6Þ

The reason for this choice will become more transparent in a moment, as will the
fact, that t0 can also be chosen smaller if necessary to allow for t05T. On the other
hand, t0 decreases as a function of T, so that a large enough choice of T will also
suffice. Pick a time t in the interval [t0,T ], and observe that kv(�, t� t0)k

2
� 	(T ) by

Proposition 2. Since ke�Av(�, t� t0þ �)k is a continuous function of �, it is apparent
that the inequality

ke�Avð�, t� t0 þ �Þk
2 � 
	ðT Þ ð3:7Þ

will hold for 
42 and small enough �. Thus for those �, the differential inequality
(3.5) becomes

d

d�
ke�Avð�, t� t0 þ �Þk

2 � c1
	ðT Þ þ c2

3	3ðT Þ þ C:

Integrating this relation yields

ke�Avð�, t� t0 þ �Þk
2 � c1 
	ðT Þ þ c2 


3	3ðT Þ þ C
� 	

� þ 	ðT Þ:

Now this estimate shows that (3.7) holds for 0� �� t0 if t0 is defined as in (3.6).
But since the operator e�A is used in (3.7), t0 represents the radius of analyticity of
v(�, t� t0þ �) at �¼ t0, or in other words of v(�, t). Hence ket0Av(�, t)k is finite, and
what is more,

ket0Avð�, tÞk2 � 
	ðT Þ

by (3.7), so that we may define �(t)¼ t0. Then assuming that 	(T )� 1 and using the
expressions for c1 and c2, it transpires that

ð
� 1Þ	ðT Þ

c1
	ðT Þ þ c2
3	3ðT Þ þ C
�

� 1




1

c1þ c2
2	2ðT Þ þ C

�
1

2

1
1
� ð1þH2Þ þ 1þ 2

�3

2	2ðT Þ þ C

¼
1

2

�3

�2ð1þH2Þ þ 2
2	2ðT Þ þ �3ð1þ CÞ
:
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Thus defining �T as in (3.3), it appears immediately that

ke�TAvð�, tÞk2 � ket0Avð�, tÞk2 � 
	ðT Þ,

and (3.4) is satisfied. Since same procedure as above can be applied to any t with
t0� t�T, the theorem is proved. g

A few remarks are in order. First, we note that this theorem does not supply a
bound for the initial time 05t5t0. However, an argument similar to the one used in
the proof just given can be used to establish bounds for 05t5t0. If the initial data
are not analytic, then smaller radii of analyticity are obtained for 05t5t0. The initial
growth of �(t) can be optimized by using for the operator e

ffiffi
�
p

A in the proof. We have
chosen not to provide the details here in order to keep the estimates in the next
section relatively simple. Next, it should be remarked that the radius of analyticity �T
is limited above by �

4� due to the choice of h. Furthermore, the definition of �T
appearing in (3.3) is not sharp, but is chosen to make the expression as explicit as
possible. A final remark concerns the asymptotic behaviour of �T. The expression for
�T yields the following asymptotic estimates for T� 1:

�T �
1
2

1
1þC for �! 0,

�T �
1

1þC for �!1:

Notice that in the second estimate, the radius of analyticity does not become infinite,
but is limited by the choice of h. Note also that the KdV equation has only been
proved to be valid on short to intermediate time scales [19,20], so that T� 1 is an
appropriate choice.

4. Bound on oscillations

In this final section, it will be our goal to obtain a bound on the number of spatial
oscillations of v(�, t) at a given time t. The first step is to deduce from Theorem 1 a
bound on the spatial derivative of v. The next few results are of a general nature,
so that we use the notation f for a generic function. We will return to v in Theorem 4.

LEMMA 3 Let f be analytic in the strip S�. Then there exists a constant c, such that

sup
xþiy2S�=2

j f 0ðxþ iyÞj � cke�Af k: ð4:1Þ

Proof The Sobolev inequality implies that for fixed jyj � �, there is a constant c3
such that,

sup
xþiy2S�=2

j f 0ðxþ iyÞj � c3
�
k f ð� þ iyÞk þ kA2f ð� þ iyÞk

	
:

Rewriting the right-hand side using Parseval’s identity, it appears that

sup
xþiy2S�=2

j f 0ðxþ iyÞj � c3
�
keyj�jf̂ k þ keyj�jj�j2 f̂ k

	
� c3

�
keð�=2Þj�jf̂ k þ keð�=2Þj�jj�j2 f̂ k

	
:

Thus to prove the lemma, we need to show that

keð�=2Þj�jj�2j f̂ ð�Þk � c4ke
�j�jf̂ ð�Þk,

Applicable Analysis 1709



for some constant c4. But this will be achieved by setting

c4 ¼ max
�2R



e�ð�=2Þj�jj�j2

�
:

g

The bound on oscillations will be achieved by making use of Jensen’s formula,
which we state in the following form:

THEOREM 2 Let f be analytic in an open disc {z : jz� z0j5r} of radius r about a point
z02C. Assume that f(z0) 6¼ 0. Let �1,�2, . . . ,�N be the zeros of f in the closed disc
{z : jz� z0j � r/2} of radius r/2 about z0. Then the following identity holds.

j f ðz0Þj
YN
n¼1

r=2

j�nj
¼ exp

1

�r

Z
jz�z0j¼r=2

log j f ðz� z0Þj jdzj

� �
: ð4:2Þ

This identity is classical, and can be found in most standard texts on complex
analysis, such as [21]. An immediate consequence of Jensen’s formula is the following
bound on the number of zeros of the function f, contained in the smaller disc
{z : jz� z0j5r/4}.

COROLLARY 1 Let z02C and r40. Let f be analytic in {z : jz� z0j5r}, and suppose
that f(z0) 6¼ 0. Then

card z : jz� z0j � r=4, f ðzÞ ¼ 0

 �

�
1

log 2
log

maxjz�z0j¼r=2 j f ðzÞj

j f ðz0Þj
:

The proof is straightforward if it is observed that the product in formula (4.2) is
greater than 2N. Taking the logarithm and estimating the integral then yields the
required inequality for N¼ card{z : jz� z0j � r/4, f 0(z)¼ 0}. For a full proof, the
reader may consult [21] or [18]. Finally, with this estimate on the number of zeros of
an analytic function in a subdisc, the following theorem can be proved.

THEOREM 3 Let L40, r40, and let f be analytic in {z¼ xþ iy : jyj5r}. Then for any
"40, the interval [0, L]2R is given by the union I"[R", where I" is a union of at most
2 L

r open intervals, and

(i) j f 0(x)j5", for all x2 I",
(ii) cardfx2R" : f 0ðxÞ ¼ 0g � 2

log 2
L
r log

maxImðzÞ�r=2 j f
0ðzÞj

" :

Proof Let x1¼ inf{x2 [0,L] : j f 0(x)j � "}. Then by Corollary 1, we have

card x2 ½x1 � r=4, x1 þ r=4	 : j f 0ðxÞj ¼ 0

 �

�
1

log 2
log

maxjz�x1j¼r=2 j f
0ðzÞj

"
:

Next, define x2¼ inf{x2 [x1þ r/4,L] : j f 0(x)j � "}, and by applying Corollary 1 again,
we get exactly the same estimate on [x2� r/4, x2þ r/4]. We can continue this process
at most N¼L/(r/2) times, and finally obtain the lemma for
R" ¼

�SN
i¼1½xi � r=4,xi þ r=4	

	
\ ½0,L	 and I"¼ [0, L]�R". g

The main result of this article now emerges. Note first that the function v(�, t) is
analytic in the strip S�T for t0� t�T, and that

sup
xþiy2S�T=2

jvxðxþ iy, tÞj � c
	ðT Þ
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by Theorem 1 and Lemma 3. Moreover, the estimate in Theorem 3 applies to any
interval of length L in the real line. The proof can be adapted by simply translating
the function. Therefore the following result has been proved. g

THEOREM 4 Let v be the solution of (2.2) and (2.3), and let L40, T40 and "40 be
given. Fix a time t2 [t0,T ]. Then any interval of length L contained in the real line, is
given by the union I"[R", where I" is a union of at most 2 L

�T
intervals, and

(i) jvx(x, t)j5", for all x2 I",
(ii) cardfx2R" : vxðx, tÞ ¼ 0g � 2

log 2
L
�T
log c 
 	ðT Þ

"

� �
:

Observe that the collection of sets I" and R" depends both on the time t, and on
the particular interval chosen. The important result is that the number of zeros of
vx(x, t) is bounded by the same constant for all t with t05t5T, and for all intervals
of length L. Next, notice that the cardinality of the set appearing in (ii) in Theorem 4
is a number which is equal to twice the number of oscillations of v(x, t) on R" at a
given time t. On the other hand, the intervals that fall under (i) feature oscillations
that are arbitrary slow (depending on "), so that they can be essentially disregarded
when counting rapid oscillations. Since the function h(x) is monotone, and
v(x, t)¼ u(x, t)� h(x), we see that the number of rapid oscillations of u(x, t) on a
given interval of length L at a time t is linearly proportional to L. This finding has
two immediate consequences. First, we may conclude that the average wavelength
of oscillations of the free surface behind an undular bore is bounded below by a
constant proportional to 1/L. In addition, it appears that the waves cannot
concentrate on a particular location, but must be spread out over a larger domain.

Noticing from (3.3) that �T gets smaller as T gets bigger, we see that the bound
in (ii) in Theorem 4 gets worse as T!1. On the other hand, this limit is not
necessarily relevant, because the equation is only valid on intermediate time scales.

Recalling the asymptotic limits of � found at the end of Section 3, we see that for
small �, the constant �T also tends to zero, so that the bound in (ii) in Theorem 4 is
meaningless. This is of course expected, as �! 0 approximates an inviscid theory.
On the other hand, if � approaches infinity, the bound is limited by the choice of the
function h, but dependence on T is weaker, so that in this case, the bound in (ii) is
valid for larger times.

In conclusion, it is found that the presence of viscosity inhibits the
development of oscillations behind an undular bore. This is of course what one
would expect on physical grounds. A quantitative estimate is found in the form of
an upper bound on the number of oscillations, but we do not expect this estimate
to be sharp for several reasons. For one, there are a number of auxiliary
parameters, such as � and " which have a direct impact on the estimate (ii).
Another drawback of our result is that it gives a poor estimate for large times.
However, this problem is mitigated by the fact that the equation itself is only
valid up to intermediate time scales. This also shows that the question raised in
the introduction about a possibly infinite number of oscillations having appeared
after a long time is mostly of an academic nature. An analysis focussing on a
steady profile affords a finer analysis with respect to the effect of viscosity on the
number of oscillations [14], but it is limited in that it neglects dynamical aspects
of the problem, and therefore does not allow for the growth of new oscillations
over time.
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1712 Z. Grujić and H. Kalisch




